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Abstract
In this note an interactive program is presented which allows the visualization of the common roots of two-dimensional
polynomials. The program is useful when constructing cubature formulas by use of orthogonal polynomials. c© 1999
Elsevier Science B.V. All rights reserved.
1. Introduction
We briey describe an interactive tool to visualize the common zeros of two-dimensional polyno-
mials. This program can be used to answer questions which arise when constructing cubature formu-
las by using orthogonal polynomials. This approach is based on the following fact. The nodes of a
minimal cubature formula of degree m are the common roots of an ideal generated by m-orthogonal
polynomials. Conditions are known how to construct a basis of this ideal; the ideal is real, hence the
roots are pairwise distinct and real. However, no conditions are known to verify that all nodes are
inside the domain of integration. Furthermore, starting values are necessary for the computation of
the common roots in the precision needed. Both problems can be solved by using the program which
will be presented. Minimal formulas of degree 6 for integrals over the simplex will be discussed by
applying the program.
2. The program
KurvenSchnitt computes the common zeros of two-dimensional polynomials and displays the
corresponding algebraic curves and their intersections. The program (an updated form of a
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preliminary version in [1]) is a mixture of C++ and Tcl

Tk. The numerical part is done in C++,
the graphical user interface in Tcl

Tk. The program runs under Tcl-Version 8.0 and Tk-Version
8.0. The sources are available as KurvenSchnitt.tar.gz at http:

www.mi.uni-erlangen.de/schmid

kubatur.
The C++ routines implement a new Tcl command alkur, which in turn creates a display window
and an associated Tcl command to manipulate its contents. These manipulations include commands
to add new curves, coordinate axes, nodes of intersection, to change their colors, and, to modify
general properties like the window size. It is possible to customize the user interface in Tcl without
changing the C++ code.
3. Using KurvenSchnitt
The program starts by displaying the following window. Any input in the input elds has to be
closed by a carriage return.
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(1) Each line controls one polynomial.
The rightmost eld accepts the polynomial.
The polynomials have to be entered in x and y, possible formats:
1-.5x^2-y^2
(1-.5x^2-y^2)*(1-x^2-.5y^2)+1/100
a(x^2+y^2)^2+b(x^2+y^2)+x^3+3x^2-3xy^2+3y^2-c
x^4-1.752327759*x^3+.4436280631*x^2*y-.1119593628e-1*y^2*x
The button allows to load a polynomial from the le FormelFile. Single lines of this
le, representing one polynomial, can be loaded interactively. Alternatively the backslash (n)
can be used as continuation mark, e.g.
x^4-1.752327759*x^3 n
+.4436280631*x^2*y+.9039031090*x^2-.1119593628e n
-1*y^2*x-.2471040724*x*y-.1378518875*x+.1740693364e-1*y^3
Now it is sucient to mark the rst line for loading. appends the polynomial in the
input eld to FormelFile.
The corresponding curve will be displayed if the checkbox to the left of F1 is enabled;
the status of the box to the right of F1 decides whether the curve will be included when
calculating the intersections.
(2) If a polynomial depends on parameters a; b; : : : ; u, input elds will appear to specify the
desired constant values.
(3) The size of the displaying window can be adjusted interactively. A larger window entails
longer calculation. Changes become eective after the apply-button is pressed.
(4) The display window represents a rectangular part of R2 which can be customized here. The
origin refers to the lower left corner of the display window. Changes become eective after
the apply-button is pressed.
(5) These checkboxes allow toggling the overlay of coordinate axes and their labels.
(6) If this checkbox is marked KurvenSchnitt will try to calculate the intersection of the selected
curves. Any change in a polynomial will initiate new calculations. This checkbox should be
switched o when doing extensive editing.
 determines the break-o criterion in the intersection algorithm. A smaller value will
generally give more exact results, but (depending on the numerical condition of the problem)
some points of intersection might not be found at all.
(7) If Loglevel is set to 1 computing time and memory requirements for the calculation of the
intersections will be displayed, in addition computing time for the calculation of the curves
will be displayed, if the level is 2.
(8) Quit program leaves the program.
(9) prints the coordinates of the points of intersection found by the algorithm.
(10) Help window.
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4. Algorithms
To plot a curve, KurvenSchnitt scans the display area in R2 vertically and horizontally. For each
horizontal scanline y is substituted by the corresponding value; the result is a polynomial in one
variable (x), the roots of which are computed using Rockwood’s algorithm (see [3,4]).
To compute the intersection of the curves a two-dimensional derivate of this algorithm is employed,
the patchwork algorithm.
Any polynomial p in two variables x; y 2 [0; 1] can be written as
p(x; y) =
nX
i=0
mX
j=0
qi; jxiy j =
nX
i=0
mX
j=0
ri; jBn; i(x)Bm; j(y);
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The ri; js are the Bezier coordinates of p. The surface described by the polynomial p is contained
in the convex hull of the points
(
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;
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
i; j
)
i=0::: n+1; j=0::: n+1
:
In particular, if all ri; j > 0 or all ri; j < 0 then p can not vanish inside [0; 1]
2.
Furthermore, the application of de Casteljau’s algorithm allows to compute the ri; j for any rect-
angular patch of [0; 1]2 without violating the convex-hull-property.
Let pk; k = 1; 2; : : : ; ; be given. The common zeros of these polynomials shall be visualized.
The basic data unit, called a patch, is a triple (u; s; R), describing a rectangular area in [0; 1]2. u are
the coordinates of the lower left corner of the area, s represents its horizontal and vertical size, R is
an -dimensional vector of n m matrices Rk containing the Bezier coordinates of pk in that area.
1. Initialization: Compute the Bezier coecients Rk :=(ri; j; k)i=0; :::; n; j=0; :::; n of pk on [0; 1]
2 for
k = 1; 2; : : : ; . Create Stack L. Put a new patch ((0; 0); (1; 1); (R1; : : : ; R)) on L.
2. Check: Check if the entries in at least one Rk of the topmost patch in L are all strictly positive
or all strictly negative. If this holds continue with step 6.
3. Patch too small? If the diameter of the topmost patch in L is smaller than a given precision
, output the center of the patch and continue with step 6.
4. Choose coordinate: Choose the coordinate (i.e. x or y) in the direction where the extension of
the patch is largest.
5. Subdivision: Create two patches A and B of equal size covering the area of the topmost patch
of L. Depending on the coordinate chosen in 4, A is the left or upper half, B the right or lower
half. Compute the Bezier coordinates of A and B for all k, respectively, by using de Casteljau’s
algorithm.
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Remove topmost element from L, add A and B and continue with step 2.
6. Remove patch: Remove and discard the topmost patch from L.
7. No patches left? If L is nonempty, continue with step 2. If L is empty, terminate.
This patchwork algorithm works depth-rst through the search tree. Only regions containing
points of intersection are considered, and the length of a patch is reduced to half after two steps.
Hence | if the number of common zeros is xed | memory requirements and CPU-time are
O(ln2 −1). To prevent runaway calculations, the implemention of the algorithm terminates if 200
patches with size < have been found on which the Bezier coordinates for all polynomials still
have positive and negative values. If the program aborts with the messages    Found too many
common zeros.   , this might be due to to a numerically malevolent problem (curves run-
ning close to on another, a common root with multiplicities) or to a common divisor of all
polynomials.
Examples. We consider
I(f) = 2
Z 1
0
Z 1−x
0
f(x; y) dy dx i:e: I(1) = 1:
The orthogonal polynomials with respect to I will be denoted by
Pki (x; y) = x
k−iyi + lower order terms; i = 0; 1; : : : ; k; k 2 N:
Minimal cubature formulas of degree 6 for I can be constructed by determining the coecients aij
of the quasi-orthogonal polynomials
Ri = P4i +
3X
j=0
aijP3j ; i = 0; 1; : : : ; 4; aij 2 R;
such that the Ris form a real ideal (cf. [5]). It is necessary and sucient to choose the aijs such
that the polynomials
Hi(x; y) = yRi − xRi+1 −
4X
j=0
jRj(x; y); i = 0; 1; : : : ; 3
vanish if j 2 R are chosen such that the polynomials Hi are of degree 3. This holds if the coecients
aij solve a nonlinear system. Any solution will generate a minimal cubature formula with positive
coecients.
If the coecients aij can be determined, the roots (xi; yi) of the ideal generated by the Ris are
the nodes of the corresponding minimal cubature formula
K(f) =
10X
i=1
Cif(xi; yi) = I(f); Ci > 0; for all polynomials f of degree 66:
We obtain six nonlinear equations in the aijs with eight parameters. The number of free parameters
can be reduced by assuming a symmetric formula. It turns out that exactly two symmetric formulas
exist.
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Rasputin [2] has studied these formulas by using the reproducing kernel and has computed one
of them, having two nodes outside the domain of integration.
Example 1. We display the graphics and starting values of the corresponding formula. FormelFile
contains the polynomials
# degree 6, Rasputins solution
R0 :=
x^4-2.6516638537782037354*x^3+2.2196706302703012881*x^2 n
-.63255448809883942941*x+.40496474903186463432e-1 n
-.67271972788827539814*x^2*y+.42625705039058228603*x*y n
-.46321206877528950629e-1*y-.73230110295243602417e-1*y^2*x n
+.32399358034941280377e-1*y^2-.17062821772149484469e-1*y^3
R1 :=
x^3*y+.4934170375019325012e-1*x^3-1.0048380822720917692*x^2*y n
-.80605321639949640263e-1*x^2+.28700822557958951984*x*y n
+.29736802700731705815e-1*x-.6893878357225375044e-2*y n
-.27133378133766125277e-2-.59926312492189890479e-1*y^2*x n
-.24284707037506969116e-1*y^2+.25546584639415408254e-1*y^3
R2 :=
x^2*y^2-.38758115821535121017*x^2*y-.38758115821535121017*y^2*x n
+.89431985210961431656e-1*x^2+.15723560938897281162*x*y n
+.89431985210961431656e-1*y^2-.31008867281306306759e-1*x n
-.31008867281306306759e-1*y+.33408648438567139171e-2 n
-.5427141536237542349e-1*x^3-.5427141536237542349e-1*y^3
R3 :=
y^3*x+.4934170375019325012e-1*y^3-1.0048380822720917692*y^2*x n
-.8060532163994964026e-1*y^2+.28700822557958951984*x*y n
+.29736802700731705815e-1*y-.68938783572253750434e-2*x n
-.27133378133766125276e-2+.25546584639415408254e-1*x^3 n
-.24284707037506969116e-1*x^2-.59926312492189890479e-1*x^2*y
R4 :=
y^4-2.6516638537782037354*y^3+2.2196706302703012881*y^2 n
-.63255448809883942941*y+.40496474903186463431e-1 n
-.17062821772149484469e-1*x^3+.32399358034941280377e-1*x^2 n
-.46321206877528950629e-1*x-.73230110295243602417e-1*x^2*y n
+.42625705039058228603*x*y-.67271972788827539814*y^2*x
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i xi yi
1 0.788235 0.064686
2 0.649334 0.295025
3 0.295025 0.649357
4 0.064686 0.788273
5 0.353695 0.353687
6 0.401730 0.076824
7 0.076824 0.401737
8 0.085331 0.085339
9 −0:008801 1.288738
10 1.288685 −0:008793
The starting values thus obtained have been used to compute the nodes of the cubature formula.
xi yi Ci
1.28867990757340236072 −0:00879199714420631034 0.00051542875928455448
−0:00879199714420631034 1.28867990757340236072 0.00051542875928455448
0.78822920956686404839 0.06468880605601090940 0.10479531313284680990
0.06468880605601090940 0.78822920956686404839 0.10479531313284680990
0.40172877323475981682 0.07682571684908210504 0.14855110930104331913
0.07682571684908210504 0.40172877323475981682 0.14855110930104331913
0.64933214716985020413 0.29502511936941515372 0.09497723917756742321
0.29502511936941515372 0.64933214716985020413 0.09497723917756742321
0.08533316117031069729 0.08533316117031069729 0.09099352359044946853
0.35369054666996447962 0.35369054666996447962 0.21132829566806631803
Example 2. The second symmetric solution still has one node outside the domain of integration.
We display the graphics and starting values of the corresponding formula. FormelFile contains the
polynomials
degree 6, # second symmetric solution
R0 :=
x^4-1.6115245516057379224*x^3+.71277772071759887995*x^2 n
-.55032733117012343731e-1*x-.58948328021821054697e-2 n
+.51427691942844914129*x^2*y-.47643237118053310930*x*y n
+.72026653721172497205e-1*y+.3194797301374838*y^2*x n
-.96971868368384214286e-1*y^2+.399248164934673e-1*y^3
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R1 :=
x^3*y-.33607794601641825241e-1*x^3-.91080020161159247066*x^2*y n
+.12610050432338413976e-1*x^2+.15071256187585207268*x*y n
+.10022983985280474999e-1*x+.18381159367990996014e-1*y n
-.30840857473609552104e-2+.84553218328851343476e-1*y^2*x n
-.66035904287221720497e-1*y^2+.419664568535223e-1*y^3
R2 :=
x^2*y^2-.30172467363579964552*x^2*y-.30172467363579964552*y^2*x n
-.6851560239769122067e-2*x^2+.59113912726628166316e-1*x*y n
-.6851560239769122067e-2*y^2+.92624559241325982582e-2*x n
+.92624559241325982579e-2*y-.20286449168684734185e-2 n
+.110761772571315e-1*x^3+.110761772571315e-1*y^3
R3 :=
y^3*x-.33607794601641825241e-1*y^3-.91080020161159247066*y^2*x n
+.12610050432338413976e-1*y^2+.15071256187585207268*x*y n
+.10022983985280474998e-1*y+.18381159367990996015e-1*x n
-.30840857473609552104e-2+.419664568535223e-1*x^3 n
-.66035904287221720497e-1*x^2+.84553218328851343476e-1*x^2*y
R4 :=
y^4-1.6115245516057379224*y^3+.71277772071759887995*y^2 n
-.55032733117012343730e-1*y-.58948328021821054697e-2 n
+.399248164934673e-1*x^3-.96971868368384214286e-1*x^2 n
+.72026653721172497205e-1*x n
+.3194797301374838*x^2*y-.47643237118053310930*x*y+ n
.51427691942844914129*y^2*x
i xi yi
1 0.865604 0.058483
2 0.622616 0.296810
3 0.563915 0.068874
4 0.296810 0.622631
5 0.058483 0.865635
6 0.068874 0.563961
7 0.307835 0.307835
8 0.197941 0.048130
9 0.048130 0.197948
10 −0:172550 −0:172558
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The starting values thus obtained have been used to compute the nodes of the cubature formula.
xi yi Ci
0.62261842170067743793 0.29681206443213099158 0.12493284637910931301
0.29681206443213099158 0.62261842170067743793 0.12493284637910931301
0.86560137104657306697 0.05848274947077690073 0.05736898913621279825
0.05848274947077690073 0.86560137104657306697 0.05736898913621279825
0.30783381768828903704 0.30783381768828903704 0.21037615383745954659
0.56391552905457826463 0.06887470996336075494 0.12547963681681714946
0.06887470996336075494 0.56391552905457826463 0.12547963681681714946
−0:17255363572833024944 −0:17255363572833024944 0.00042783665681296109
0.19794325221245567307 0.04812894161425963489 0.08681653242072448544
0.04812894161425963481 0.19794325221245567307 0.08681653242072448544
Further solutions of the nonlinear system may be obtained by preassigning one node. In particular,
by disturbing one node of the symmetric formulas one gets nonsymmetric formulas. However, neither
by preassigning nodes nor by disturbing the nodes of the symmetric rules we were able to nd
formulas with all nodes inside the domain of integration.
Example 3. We will just mention one nasty example (prescribed node (0; 0)). It illustrates the
usefulness of the interactive enlargement of the search-area. Using the same window-area as before
we nd only nine common zeros. FormelFile contains the polynomials
degree 6, (0,0) node, nasty example
R0 :=
x^4-1.0318910745992001320*x^3+.40684642383320079479*x^2 n
-.77262141909497301782e-1*x-.48e n
-20-2.5609052954396043758*x^2*y+1.0140457218668787280*x*y n
+.5833570480925873279e-2*y+.78 n
63252821725666018*y^2*x-.27101214190949730183*y^2 n
+.12341774568821272345*y^3
R1 :=
x^3*y-.64285130508965341320*x^3+1.4677517192728051708*x^2*y n
+.45613000379058222116*x^2-. n
93023714664772507829*x*y-.47737858090502698150e-1*x n
+.29880715233359841017e-1*y+.2e-21-. n
4023367126392862838*y^2*x+.16970285524756603225*y^2 n
-.8728703045485288244e-1*y^3
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R2 :=
x^2*y^2-2.4461455250060324733*x^2*y-.11843780832730085974*y^2*xn
-.33101119331912714210 n
*x^2+1.1797619047619047617*x*y-.15172690191896809599*y^2 n
+.23928334280978888638e-1*x-. n
35833096185740793392e-1*y-.14e-20+.50146931980443582977*x^3 n
+.1033917913066752813*y^3
R3 :=
y^3*x-.17173202824367992001*y^3-1.0990017192728051709*y^2*x n
+.21708428192370349300*y^2-. n
69119142478084635016*x*y+.12023572376216983895e-1*y n
-.29880715233359841013e-1*x-.11e-20- n
.41896296954514711754*x^3+.28922571618100539631*x^2 n
+1.7460867126392862837*x^2*y
R4 :=
y^4-1.5826922587341332013*y^3+.70565357616679920505*y^2 n
-.13702357237621698386*y+.4e-21 n
+.39533225431178727652*x^3-.33077357237621698383*x^2 n
+.65595000947645555279e-1*x-1.242575 n
2821725666019*x^2*y+.53595427813312127188*x*y+.3046552954396043761*y^2*x
i xi yi
1 0.817356 0.109722
2 0.622150 0.030888
3 0.098743 0.828281
4 0.095074 0.557941
5 0.449848 0.477192
6 0.395885 0.257137
7 0.233585 0.061413
8 0.063305 0.231701
9 0.000004 0.000004
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Table 1
 Patchwork Max. number of CPU-time CPU-time
algorithm patches in stack intersections (s) curves (s)
Example 1 2.747
10−2 374 steps 13 0.279
10−4 782 steps 21 0.515
10−6 1146 steps 31 0.706
10−8 1618 steps 40 0.982
10−10 1992 steps 50 1.259
10−12 2376 steps 57 1.489
Example 2 2.684
10−2 346 steps 15 0.260
10−4 650 steps 21 0.429
10−6 956 steps 30 0.614
10−8 1296 steps 38 0.787
10−10 1588 steps 44 0.958
10−12 1914 steps 48 1.147
Example 3 2.700
10−2 898 steps 17 0.600
10−4 2148 steps 30 1.251
10−6 3472 steps 43 2.014
10−8 4816 steps 57 2.739
10−10 6070 steps 70 3.477
10−12 7364 steps 83 4.165
Example 4 2.523
10−2 906 steps 17 0.578
10−4 2772 steps 30 1.617
10−6 4668 steps 43 2.657
10−8 6652 steps 57 3.705
10−10 8480 steps 70 4.802
10−12 10336 steps 83 6.221
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Example 4. After an enlargement of the search-area all roots have been determined.
i xi yi
1 0.817391 0.109735
2 0.622161 0.030890
3 0.098748 0.828258
4 0.095075 0.557942
5 0.449847 0.477193
6 0.395883 0.257140
7 0.233582 0.061412
8 0.063306 0.231700
9 0.000000 0.000011
10 −2:921556 3.216548
5. Computational experiences
In all examples a display-window of 500500 was used. Examples 1{3 were executed with origin
at (−1:5; −0:5), and a width and height of 2. Example 4 was executed with origin at (−3:5; −0:5),
and a width and height of 5. All calculations were done on a SparcStation 10 under Solaris 2:5 (see
Table 1).
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